arXiv: 1503.00098vl [gr-qc] 28 Feb 2015 


Hojman Symmetry Approach for Scalar-Tensor Cosmology 


Mariacristina Paolella 1,2 ’*, Salvatore Capozziello 1,2,3 ^ 

1 Dipartimento di Fisica, Universita di Napoli “Federico II” and 
2 INFN Sez. di Napoli, Compl. Univ. di Monte S. Angelo, Edificio G, Via Cinthia, 1-80126, Napoli, Italy, 
3 Gran Sasso Science Institute (INFN), Viale F. Crispi, 7, 1-67100, L’Aquila, Italy. 

(Dated: March 3, 2015) 

Scalar-tensor Cosmologies can be dealt under the standard of the Hojman conservation theorem 
that allows to fix the form of the coupling F((/>), of the potential V(rf>) and to find out exact 
solutions for related cosmological models. Specifically, the existence of a symmetry transformation 
vector for the equations of motion gives rise to a Hojman conserved quantity on the corresponding 
minisuperpace and exact solutions for the cosmic scale factor a and the scalar field <j> can be achieved. 

In particular, we take advantage of the fact that minimally coupled solutions, previously obtained 
in the Einstein frame, can be conformally transformed in non-minimally coupled solutions in the 
Jordan frame. Some physically relevant examples are worked out. 
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I. INTRODUCTION 


Selecting symmetries and conserved quantities allows, 
in general, to reduce dynamics. As a consequence, ex¬ 
act solutions for physical systems can be achieved. In 
particular, the so called Noether Symmetry Approach is 
a method to solve exactly dynamics in many cosmologi¬ 
cal models [T] . In other words, the existence of a Noether 
symmetry for the point-Lagrangians coming from a given 
held theory, allows to find out first integrals for the equa¬ 
tions of motion. It has been adopted for several classes 
of alternative theories of gravity [2] leading to the full 
solution of dynamics pj. 

Besides the Noether Theorem, other approaches, based 
on symmetries, can be adopted in order to reduce dy- 
manics and obtain exact solutions. For example, the 
Hojman conservation theorem [J, can provide a further 
method to find exact solutions. As shown in [5J, the Ho¬ 
jman approach does not require, a priori, the need for 
Lagrangians and Hamiltonian functions. The symme¬ 
try vectors and the corresponding conserved quantities 
can be obtained by using directly the equations of mo¬ 
tion. Specifically, unlike the Noether approach, a point- 
Lagrangian from which derive the equations of motion is 
not requested. The intersting fact is that these two ap¬ 
proaches may give rise to different conserved quantities 
that, eventually, can coincide. For example, in the case 
of minimally coupled scalar-tensor gravity models, the 
Noether symmetry exists only for exponential potential 
V(<t>) DP; while the Hojman symmetry exists for a wide 
range of potentials |5]. In general, the Hojman conserved 
quantities theorem can be different with respect to the 
Noether ones. Taking advantage of this fact and adopting 
conformal transformations, it is possible to study several 
classes of non-minimally coupled models as we will do in 
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this paper. In summary, applying the Hojman Theorem 
to a minimally coupled models and finding out exact so¬ 
lutions, by conformal transformations, we obtain exact 
solutions for non-minimally coupled scalar-tensor mod¬ 
els. 

The layout of the paper is the following. In Sec. |TT] 
we summarize the Hojman theorem giving the details 
of demonstration. In Sec. |III| scalar-tensor theories of 
gravity are introduced and the Hojman conservation the¬ 
orem is applied. First, summarizing the results achieved 
in jS], we discuss the minimally coupled case and then, 
by conformal transformations, we achieve exact solutions 
for general non-minimally coupled scalar tensor theories. 
Conclusions are drawn in Sec. m 

II. THE HOJMAN CONSERVATION THEOREM 

In order to formulate the Hojman conservation theo¬ 
rem, let as consider a system of second-order differential 
equations that, specifically, can be the equations of mo¬ 
tion of a given dynamical system: 

q l = F\q J ,q J ,t), i,j = l,...,n. (1) 

Dot is the derivative with respect to the time. A sym¬ 
metry vector X 1 for Eqs. 0 is defined according to the 
transformation 


</ i = q i + eX i tf,qi,t), (2) 


that maps solutions q 1 of Eqs. ([!]) into solutions q" of 
the same equations. Such a vector has to satisfy the 
equations 


j2 X i OF 1 • dF l dX'i _ 
dt 2 ~ ~£hp X ~ ~d^~df ~ 

where 

d d d ; 3 

jt ~m +q w + W 


( 3 ) 

( 4 ) 
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The Hojman conservation theorem jT] states: 

If the function F in Eqs. ([!]) satisfies the condition 


dF i 

dq 1 


= 0 , 


then 


dX i d (dX l \ 
dq 1 dq i \ dt ) ' 


is a conserved quantity, that is 


dQ 

dt 


= 0 . 


Furthermore, if F satisfies 


dF i 

dq 1 



(5) 

( 6 ) 

(7) 

( 8 ) 


where 7 is a function of q l , then also 


1 djjX 1 ) d_ (dJC_\ 

7 dq i dq 1 \ dt ) ' 


(9) 


is a conserved quantity. 

As previously discussed in j5], such a theorem can be 
suitably applied to dynamical equations describing cos¬ 
mological models. Specifically, any cosmological model 
can be considered a minisuperspace Q = {qj} whose dy¬ 
namics is defined on the tangent space TQ = {q :n q.j}. 
If the Hojman theorem is satisfied, conserved quantities 
related to couplings and potentials can be find out. This 
feature allows the reduction of dynamics and the possi¬ 
bility to obtain exact solutions, as we will discuss below. 


III. SCALAR-TENSOR COSMOLOGY IN THE 
HOJMAN APPROACH 


In four dimensions, the action involving gravity cou¬ 
pled in a non-standard way with a scalar field is 

F^R+lg^X^X^-V^)] , 

( 10 ) 

where R is the Ricci scalar, V((f>) and F(cf>) are generic 
functions describing, respectively, the potential for the 
field <fi and the coupling of cj) with gravity. In a flat 
Friedman-Robertson-Walker (FRW) space-time, the La- 
grangian density for non-minimal coupled scalar-tensor 
cosmology is 

C = 6 F{(j>)ad 2 + QF'{cj))a 2 d(f> + ^a 3 ((> 2 — a 3 U(</>), (11) 



where the prime ' denotes the derivative with respect 
to (f> and the dot denotes the derivative with respect to 
the time t. Eq. (11) is a point-like Lagrangian on the 


configuration space (a, (/>). The Euler-Lagrange equations 
relative to (111 are 


a faV 2 F' (a\ ■ F' ■ (F" 1 \ - 2 V n 
2 a + (a) + l^(a)^ + E </,+ ( -W-AF)* ^2F “ °’ 


( 12 ) 


^ +3 Ur +6F 'Uj +6F, u) +y, -°’ ^ 

which correspond respectively to the Einstein-Friedman 
equation and to the Klein-Gordon equation for the FRW 
case. The energy function, corresponding to the Einstein 
( 0 , 0 ) equation, is 


1 


6Fad' + &F'a z d(j)+ -a A <j? z + a 3 V = 0. (14) 

It is possible to construct a conformal Lagrangian corre¬ 
sponding to a minimally coupled scalar field. This can 
be achieved by introducing the following transformations 

m 


a = sJ-2 F(<j))a, 

d(f> _ / 3F'((/>) 2 — F((t>) t20 

dt y 2F(</>) 2 dt > 

dt = 2F((f>)dt. 


(15) 


Under transformations (151, we obtain 
1 




c = 


1 


a 3 ■ 

^__( 6 Fact 2 + 6 F’a 2 d<\> + — </> 2 - ct 3 V{(/))) 


1 


= —3 aa + 2 ° 3 ^ — a 3 V{(j)) = jCmc, 


(16) 


where the dot over barred quantities means the derivative 
with respect to t and 


v$m = 


v{4>) 

AF 2 (cf >)' 


(17) 


Hence, under transformations ( |15| ), the non-minimal cou¬ 
pled Lagrangian becomes a conformally related minimal 
coupled Lagrangian. Following the standard terminol¬ 
ogy, the ’’Einstein frame” is the frame with the mini¬ 
mal coupling and the ’’Jordan frame” is the frame with 
non-minimally coupling. This means that for any non- 
minimally coupled scalar field, we may associate a unique 
minimally coupled scalar field in the conformally related 
space by deriving the correct relation between the cou¬ 
pling and the potential as Thus, in principle, in 

order to find out solutions for the non-minimal coupled 
theory, we can consider solutions in the Einstein frame 
and transform these back into the Jordan frame using the 
conformal transformations (151. Such a property can be 


used as a solution generator in the sense that by achiev¬ 
ing solutions in the Einstein frame through the Hojman 
Theorem, as in Ref.jS], it is possible to derive solutions 
in the Jordan frame and vice-versa. In this sense, the 
Hojman approach is a general criterion to find out exact 
solutions. 
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A. The minimally coupled case 


where 


Starting from the point-like Lagrangian (16 1 and dis¬ 


carding the bar over the physical quantities, the equa¬ 
tions of motion are given by 


y + V(<f>) 


a 

° = 3 L 


(18) 


(19) 


( 20 ) 


By introducing the variable x = In a, and by combining 
equations (18) and (191, we find the following equation 
of motion [5] 


The Klein-Gordon equation is 

4> + 3 f (f> + v'{ 4 >) = o. 


where 


x = ~fix)x 2 , 


f(x) = ~<t>'{x) 2 . 


( 21 ) 


( 22 ) 


Assuming that a(t) and cf>(t) are invertible functions of t, 
dynamics can be reduced to a one dimensional motion. 
Eq. (20) can be considered as a constraint. From Eq.( 21 1 , 


it is clear that F(x,x) = —/( x)x 2 , thus 

l{x) — 7o e ^ ^ x ' >dx , 


(23) 


where 70 is an integration constant. Another relation is 
achieved by dividing Eqs. (p0|) and (18 1 . We have 


f(x)<f>’(x) - </>"{x) - 3 <j>'(x) 


Eq. ([3]) becomes 
dX 


2,-\(j)'{x) 2 


(24) 






where we assumed that X does not depend explicitly on 
time. If X = X(x), the only solution for (251 is jS] 


and then 


X(x) = A 0 x n + Ai±, 

fix) = - 


1 


nx + f 0 


(26) 


(27) 


Considering the meaning of the above variables, the 
generic potential with respect to <p = <j) — (f> c is 


T r / \ ,4 8 A 4_ 2 

V(<P) = A<yJ™ - — If" , 


(28) 


A = 3Vn — 


(29) 


The exact solutions a{t) and ip(t) for the potential (28 1 
are 


a(t) = e " e 

¥>(i) = ±— 




(1 -~)i 


2 ("-l) 


(30) 


where the parameter t is defined as 

t = yo- n\Q 0 \it, 


(31) 


Q 0 is the Hojman conserved quantity and t can be seen as 
a sort conformal time ruled by Qo ■ In the next section we 
will use these results in order to find out solutions for non- 
minimally coupled scalar-tensor cosmologies ruled by the 
forms of the potential V{(f>) and of the coupling F(<j>). 


B. The quadratic coupling case 

Let us start with the general case of a quadratic cou¬ 
pling of the form 


F( 0 ) = |(fc + 4>) 2 , 


(32) 


where k and £ are arbitrary constants (with <f < 0 in 
order to recover physical cases). In this case equations 
(121 and (131 in the variable t become 


2 a a 2 6 a d> 

— + ^T + 


20 , (4C - 1)0 2 


4V 


a a 2 a (k + <j>) (k + </>) £(fc + 0) 2 £ 2 (k + 0) 4 

(33) 


= 0 , 


0+3^(fc+0)+3(l+O^+3^(fc+0)+^y ^ + ^ )2 


2V' 


= 0 . 


(25) Transformations (15) gives 


(34) 


a = \/~- {k + <j>)a, 


1 6 £- 2 


In [A: + 0] + ci, 


dt = \/ — - (fc + (j>)dt. 


Solutions (|30| become 

^_[(i-i )t -]2(AWT 


<t>{t) = -k + <f> oe v"' /B ' r 2l ' J J, (35) 


“ (f) = ''TTT 6 
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and the potential is 

' n 2 { 3£ — 1 ) 


V{4>) = 


4£ 

£ 




In 


k + (f> 


- 1) 


In 


k + 4> 
4>o 


n 4-2 


(37) 


To have an idea of what is going on, let us plot the po¬ 
tential (371 in Fig. [l] 


8xl0 9 



FIG. 1. Plot of the potential V(cf>) for some specific 
values of the constants, k = 100, f = —10, 4>o = 150, 
n = 4/3. 

The cosmology of this model is most easily studied in 
the Einstein frame where the gravity sector is standard 
taking advantage from the potential transformation ( |17| ). 
For example, the inflationary dynamics is determined by 
the shape of the potential V((p). It is worth noticing that 
</> (and not (j )) has a canonical kinetic term. Therefore the 
slow-roll parameters, which control the first and second 
derivatives of the potential respectively, are 



FIG. 2. Plot of with k = 100, £ = -10, <j > 0 = 150, 
n = 4/3. The straight line corresponds to e = 10~ 5 . 


are satisfied for 0 < <f> < 50 that is the range of values 
of the slow-roll phase as it can be expected from FigjT] 
Thus for potential (371, with k = 100, £ = —10, </>o = 150, 


l.xlO-’ 


5.x 10 _l ° ' 


FIG. 3. Plot of e(</>) with k = 100, £ = —10, </>o = 150, 
n = 4/3. The straight line corresponds to 77 = 10 -9 . 


'H(t) 2 ' (38) 

where the subscript </> means d/d<f>. In the usual way, 
we can formally define the first and second slow-roll pa¬ 
rameters for the field (f> that are related to the slow roll 
parameters and 77 ^ via [7] 



The slow-roll approximation requires that the constraints 

H « !. ( 41 ) 

M <1, (42) 

be satisfied. A plot of is reported in Figj2] and a plot 
of |^| in Fig|3] The conditions -C 1 and 1 77 ^ | -C 1 


11 = 4/3, the conditions f^Cl and 1 77 ^ | <C 1 are satisfied 
for 0 < 4> < 50 that is the range of values expected for 
the slow-roll phase as it can be seen from FigjT] 

C. The conformally coupled case 

We can consider also the case of conformal coupling 
where 

F(«/) = ^ 2 , k = 0, (43) 

hence, 

Integrating this relation we have 

= J 12 ^ M0) + Ci = yfc ln(</) + Ci. (45) 
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Moreover we have 

a = y/~2F(4>)a = y/-2£ cj> a, (46) 

and 

dt = sj~2F(<j))dt = ^/^2fi (t> dt. (47) 

Now using solutions ( |30| ) for the minimally coupled case, 
we obtain the following solutions for the non-minimal 
coupling case 


= 4>o e 

a(t) = 


(^[( 4 -s)f] 2< "- 1) ) 


.to 




\/—2£0o 
The potential takes the form 


(48) 


V(4>) 


e<t> 4 


( n 2 (12t; — 1) \ " 

V 16^ ) 



64£ 

n 4 (12£ — 1) 



(50) 


In Fig. [4j we represent the potential for some specific 
values of the integration constants. Clearly the above 
inflationary analysis works also in this case. 



FIG. 4. The potential V{<j>) with k = 0, £ = —10, 
(f> o = 150, n = 4/3 


D. The string-like case 

Finally, let us take into account the low energy limit 
of string Lagrangian, that is 

C = V^ge-W [-R + 4- W[#)\ , (51) 

where i/j is the dilaton and W(ip) is the potential which 
leads dynamics. Note that, due to the coupling e -2 ^, 


modes associated with the dilaton and with the gravi¬ 
ton are non-minimally coupled. Lagrangian (511 can 
be immediately rewritten as a non-minimal coupled La¬ 
grangian (10) if we assume the transformation |8) 

<XV0 = e-*, Fit) = V{<j>) = e-^WW. 

(52) 


This can be written as 


</ = -lnV>, F{<t>) = --<!> 2 , = fWtytt)). (53) 

We are again in the above case with £ = — g and </>o = 1. 
Starting from the exact solutions (501, we have that the 
class of potentials W (i/j) which satisfy conditions (521 are 


= e 


- 


A n 


3 4 1 4 r, 


16n 2 


20n 4 


Xj)-r 


and the exact solutions are 


(54) 

(55) 


a(t) = 2e 


to - 

" g 




■ (56) 


It is straightforward to see that also in this case, the 
above inflationary analysis easily applies. 


IV. CONCLUSION 

The Hojman Symmetry Approach can be a useful tool 
to find out exact solutions in dynamical systems as soon 
as a suitable Hojman vector is identified. Considering 
also conformal transformations, the method works well in 
both Einstein and Jordan frame with the only shrewdness 
that conformal transformations have to be non-singular. 
We have shown that physical solutions achieved in the 
Einstein frame by Hojman symmetry can be easily trans¬ 
formed into the Jordan frame once a relation between the 
potential and the coupling is found out. As examples, 
we derived potentials with a clear inflationary meaning 
whose parameters can, in principle, be confronted with 
cosmological observations. In forthcoming papers, we 
will generalize the approaches to other alternative the¬ 
ories of gravity. 


Acknowledgments 

MP is supported by INFN iniziativa specified QNP. SC 
is supported by INFN (iniziative specifiche TEONGRAV 
and QGSKY). 






























6 


[1] R. de Ritis, G. Marmo, G. Platania, C. Rubano, P. Scud- 
ellaro and C. Stornaiolo, Phys. Rev. D 42, 1091 (1990). 

[2] S. Nojiri, S. D. Odintsov, Phys. Rept. 505, 59 (2011); 
S. Capozziello, M. De Laurentis, Phys. Rept. 509, 167 
( 2011 ). 

[3] S. Capozziello and R. de Ritis, Class. Quant. Grav. 11, 
107 (1994); S. Capozziello, A. Stabile and A. Troisi, 
Class. Quant. Grav. 24 2153 (2007); M. Roshan and 
F. Shojai, Phys. Lett. B 668, 238 (2008); H. Motavali, 
S. Capozziello and M. Rowshan Almeh Jog, Phys. Lett. B 
666, 10 (2008); B. Vakili, Phys. Lett. B 669, 206 (2008); 
M. Jamil, F. M. Mahomed and D. Momeni, Phys. Lett. 
B 702, 315 (2011); I. Hussain, M. Jamil and F. M. Ma¬ 
homed, Astrophys. Space Sci. 337, 373 (2012); Y. Ku- 
cuakca and U. Camci, Astrophys. Space Sci. 338, 211 
(2012); K. Atazadeh and F. Darabi, Eur. Phys. J. C 
72, 2016 (2012); H. Wei, X. -J. Guo and L. -F. Wang, 
Phys. Lett. B 707, 298 (2012); A. K. Sanyal, B. Modak, 


C. Rubano and E. Piedipalumbo, Gen. Rel. Grav. 37, 407 
(2005); Y. Zhang, Y. -g. Gong and Z. -H. Zhu, Phys. Lett. 
B 688, 13 (2010); S. Capozziello, M. De Laurentis, S.D. 
Odintsov, Eur.Phys.J. C 72, 2068 (2012); S. Capozziello, 
M. De Laurentis and S. D. Odintsov, Mod.Phys.Lett. A 
29, 1450164 (2014); S. Basilakos, S. Capozziello,M. De 
Laurentis, A. Paliathanasis, M. Tsamparlis, Phys. Rev. D 
88, 103526 (2013). 

[4] S. A. Hojman, J. Phys. A: Math. Gen 25, L291 (1992). 

[5] S. Capozziello and M. Roshan, Phys. Lett. B 726, 471-480 
(2013). 

[6] G. Allemandi, M. Capone, S. Capozziello and M. Fran- 
caviglia, Gen. Rel. Grav. 38, 33 (2005). 

[7] M. Noorbala, Pli.D. thesis, Stanford University, 2011. 

[8] S. Capozziello, R. de Ritis, C. Rubano and P. Scudellaro, 
R.iv. Nuovo Cimento 19, 1 (1996). 



